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Superconductivity by long-range color magnetic interaction in high-density quark matter
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We argue that in quark matter at high densities, the color magnetic field remains unscreened and leads to the
phenomenon of color superconductivity. Using the renormalization group near the Fermi surface, we find that
the long-range nature of the magnetic interaction changes the asymptotic behavior of tAeajdprge
chemical potential qualitatively. We findA ~ ng~° exd (—37%+/2)/g], whereg is the small gauge coupling.

We discuss the possibility of breaking rotational symmetry by the formation of a condensate with nonzero
angular momentum, as well as interesting parallels to some condensed matter systems with long-range forces.
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PACS numbd(s): 12.38.Mh

[. INTRODUCTION take into account the long-range magnetic interaction. We
find that the gap is proportional to exp¢/g), c=3m%/2.

The study of QCD at finite density has a long history. TheThis behavior is different from the naive expectation from
suggestion that at high densities hadronic matter becomeé3CS theory, which predicts exp/g?). The fact that the
guark mattef1] was made almost immediately after the dis- suppression is parametrically much milder means a larger
covery of asymptotic freedorf2]. It has been known for value of the gap at high densities, and potentially could also
almost as long that at very high baryon densities, where peindicate that at intermediate densities the gap and the critical
turbative QCD can be applied, quark matter is in a BCS-typdemperature may be larger than previously estimated. The
superconducting statE3]. More recently, various groups latter may substantially enhance the chance of forming a
[4,5] have modeled quark matter at intermediate densitiesolor superconductor in heavy-ion collisions. We also show
using phenomenological four-fermion interactions and foundhat the asymptotic behavior of the gap does not depend on
that condensates form with sizable gaps of the order of 10the angular momentum of the Cooper pairs, and comment on
MeV. These studies reveal a rich phenomenolpgy8], in-  the possibility of breaking rotational symmetry by the forma-
cluding an interesting phase diagréj, and new symmetry tion of a condensate with a nonzero angular momentum.
breaking schemes such as color-flavor lock[d, which We will first review the renormalization group approach
might be also relevant for the study of nuclear matter in theo the BCS theory(Sec. I), and then describe the trouble
nuclear superfluid phase, if the latter is continuously con<caused by the long-range magnetic interacti8ac. Ill). In
nected to the quark matter phd$s. Sec. IV we describe our resolution of this problem. We then

Naturally, a systematic calculation in perturbation theorymake final remarks in Sec. V. The Appendixes contain vari-
is possible only in the high-density regime, where the chemious technical details, including a treatment of Eliashberg
cal potentialu is much larger tham\ocp and the strong theory.
coupling at the scale of the Fermi energy is small. However,
even in this case reliable calculations have so far been ham- 1. RENORMALIZATION GROUP NEAR
pered by the inability to take into account the long-range THE FERMI SURFACE
nature of the color magnetic force, which dominates the in- .
teraction between the quarks at large distances. Instead of An elegant method to see the formation of the BCS su-
tackling the problem of condensate formation by a long-Perconducting state is the renormalization gréR®) near
range interaction, many treatments rely on the assumptiof{® Fermi surfac¢9]. This approach has been applied to the
that a magnetic mass of ordgfu is somehow generated. €ase of quark matter by Evans, Hsu and Schv€f and
However, in reality, the magnetic field remains unscreenecpchder and Wilczek[10]. These treatments apply when
in the absence of superconductivity itself. Ordinary BCSthere exists a nonzero magnetic mass, screening the color
theory cannot be directly applied due to the IR divergencén@gnetic interaction. For completeness, we give here an el-
from the exchange of the soft magnetic gluons. Therefore8Mentary overview of the approach, in the spirit of non-
even the asymptotic, weak-coupling behavior of the gap hagelatlwsn_c guantum mechanics. Readers who need a more
not been found. formal, rigorous treatment should consult REfO]. In this

In this paper we present what we believe to be the correctection we will follow Refs[4,5] and consider a theory of
estimate for the value of the BCS gap at asymptotically higrg_uar.ks interacting via a local four—fermpn interaction. The
densities. Our approach is based on the renormalizatiofiM iS to give an overview of the conventional RG approach

group around the Fermi surfa¢®,10], properly modified to

1This agrees with a comment in a recent paper by Pisarski and
*Email address: son@ctp.mit.edu Rischke[11] that A ~ exp(—c/g) for some constant.
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before tackling the more difficult problem of a long-range surface, p’<u. In this case,E;= —2€y, T(p,—p—i)
interaction. Keeping in mind that one-gluon exchange con—f(p’ k), T(i—k,—k)=F(p,p’).
serves helicity, we will for simplicity consider only left- It is clear now that Eq(1) becomes
handed fermions.
Let us imagine a Fermi gas of massless quarks with a f(p,p)f(p’ k)
chemical potential.. In the ideal gas approximation, all en- f(p,k)—f(p,k)— J’ T 2
ergy levels below the Fermi surfa¢gp|=u are filled. The P 2|y |
ﬁ:ggzcvgtlpiepnj?sured relative to the Fermi surface; so W\e/vhere the integr_ation is over, alp’ satisfying e~1o
The RG procedure works as follows. At any given step,<|p_'“|<5‘ The integral oveip’| can be taken, and Eq.
the effective theory contains only the fermion degrees 01(2) reads
freedom located in a thin shell surrounding the Fermi sur- 42 [ dp’
face. These fermions haye,|< . All others have been in- f(p.K)—f(p,k)— J_f (P’ Kk
tegrated out. The only rele’i/ant interaction between the fer- (k)= T(p.k) 27%) 4m (P.pOT(P"K)
mions is the scattering of pairs with opposite momenta

[9,10]. Let us introduce the scattering amplitude from a pairVNere the integration is over all directions pf. Repeating

with momenta p,—p) to another pair with momenta the RG procedure many times, one finds thawolves ac-
(k,— k), cording to the RG equation

d 2 rdp’
f(6)=f(p,k)=T(p,— p—k,—kK). ﬁf(p,k)z—%f%f(p,p’)f(p’,k) 3)

To avoid complications with statistics, we will assume tha?wheret= —In & goes to+% as one approaches the Fermi
the two partlcles'are of different flavors. Near the Fermig tace. Equatior(3) describes the RG evolution of the scat-
surface, the amplitude depends only on the arggletween tering amplitude on the Fermi surface.
p andk. A positive f corresponds to a repulsive interaction, i is convenient to expand the scattering amplitude over
and a negativé means attraction between particles with op- partial waves,
posite momenta.

In the spirit of the Wilson renormalization group, let us *
now integrate out all fermion states wigh *6<|e,| < 8. Ac- f(6)=>. (21+1)f P,(cosh)
cording to quantum mechanics, the scattering through virtual 1=0
states in this region gives a correction to the scattering am-

. Clman e . i
plitude. To account for these virtual processes, we need torz’owr\llerrs(()al)grfl_o?‘ft?wg0Lsem3r|13(|1(r(;032f(na()).m?asllsngw2 f\il\rllet‘j”that
correct the scattering amplitude. Thiugbtains a correction, Prop ty > L€0 poly ’

the partial-wave amplitude§ evolve independently,

T(p,—p—i)T(i—k,—k 2
f(ph)—F(ply— 3 LR PZUTIZTO ) ah__»
i i p

ah . # o
dt 27T2f|- (4)

where the sum is over all intermediate statdlonging to  1he solution to Eq(4) is

the sector of the theory that has been integrated out. The

virtual statei may have a different enerdy; than the initial f(t)= fi(0)

energy Z,. We assume that the initial and final particles are ' 1+ (u?27%)f(0)t

almost exactly located at the Fermi surface;ege- €,=0.

What could be the state®® To answer this question one We see that if at=0 all f,>0, which means that the inter-

notices that the scattering through an intermediate state cattion is repulsive in all channels, then the four-fermion in-

be of two types: teraction vanishes at the Fermi surface. However, if one of
(1) The pair p,—p) can scatter to an intermediate pair f;(0) is negative, it will develop a singularitithe Landau

(p’,—p'), which then goes tok{, — k). In this case, the in- pole) att=— 272/ u?f(0). TheLandau pole is reached first

termediate staté is that with two particle excitations with by the channel having the largest negatiy®). This singu-

momenta=p’. The Pauli principle requires that' be lo- larity is nothing but the manifestation of the BCS instability

cated above the Fermi surface. This state Bas2e, and  of the Fermi surface with respect to any attractive interac-

T(p,—p—i)=f(p.,p’), T(i—k,—K)=1(p".Kk). tion. The BCS gap is proportional to the energy scale at
(2) Alternatively, first a pair of particles inside the Fermi which the Landau pole is reached,

sea with momentap’,—p’) can scatter to make the final

pair (k,—k), and then the initial pairg, —p) scatters to fill A~ exp( _ 2m? )

the holes vacated by the pap’(—p’) in the Fermi sphere. ,uzf(O) ‘

In this case, the intermediate stateonsists of six elemen-

tary excitations: four particles with momentap and +Kk, Let us reproduce some results obtained in R&8]. Let

and two holes with momenta p’ located below the Fermi us take the interaction in the formGO(yy°y)2
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+G\(yy )2 where G° and G' are two independent con- netic field is not screened. ,# 0, the field is said to be

stants. The tree-level scattering amplityge- p—k, —k be-

tween two left-handed particles arising from this interaction

IS

f(9)=2 5)

0 ) 0 7
0 I | _ 1 —
G cos?2 G(Cos°-2+25|r122)

which contains only theswave andp-wave terms, withf,
=G%-3G' andf;=2(G°+G'). Therefore,G° andG' can
be said to run according to the following equations:

d . w? .
(o N—_" (c0_ 2
dt(G 3G") 5 5(G"—3G")

d . 2 .
—_ (0 hN—_" (0 iN2
dt(G +G') 67T2(G +G')

which constitute a subset of the equations found in R,

As a toy model mimicking real one-gluon exchange, on
can follow Ref.[7] and take an interaction of the form

(—9%/3A2)(¢y,)2. Here A should be thought of as the

typical momentum of the exchanged gluon, ayfd3 is the
effective coupling in the coloB channel[3,10], where the

€

“dynamically screened” on the scatg~mZ3qs.

Before going further, let us make an important comment
on a confusion in the literature. This confusion originates
from the similarity between the high-density and high-
temperature gauge theories. The similarity can be seen in the
Debye screening, which occurs at the sagleat high tem-
peratures andu at high densities. At high temperatures, the
magnetic field is not screened at the one-loop level, but de-
velops a non-perturbative screening of orgéF. This some-
times leads to an unjustified assumption that the magnetic
field develops a magnetic mass of orgéj in high-density
QCD.

To see why the analogy between high temperatures and
high densities breaks down on the question of the magnetic
screening, let us review three standard ways to interpret the
emergence of the magnetic mass in hot gauge theories. The
first argument is dimensional reduction: the static large-
distance behavior of a gauge theory at high temperatures is
the same as of an effective Euclidean three-dimensional
gauge theory. The latter is confined at the sggl€, which
means that the magnetic field in the original theory should
also be confined at this scale. The second argument is that
the high-temperature perturbation theory is IR divergent for

superconductivity effect is usually strongest. This corre-momenta<g?®T, and only a magnetic mass of this order
sponds toG°= —G'=—g?/3A?. The interaction is most at- could make the perturbation theory finite again. The third
tractive in thes-channel and a BCS state is formed with theway is to notice that, due to the Bose enhancement, the ther-

gap

372A2
A~ expg — W . (6)

The gap has the°/9° dependence on the couplimg This

mal fluctuations of the gauge field become so large at the
scaleg?®T that they are fully non-linear. The last argument
does not necessarily imply magnetic screening; it just shows
that the existence of the latter at the scgf¥ does not
contradict perturbative results, since at this scale the physics
is non-perturbative.

parametric dependence of the gap has been obtained in Ref. None of these three arguments can be carried over the
[10] and is the same as that obtained in variational or meaoase of high densities. First, there is no dimensional reduc-
field treatments of models with a four-fermion interactiontion for gauge theories with a finite chemical potential. Sec-
between quarkgt—8]. We will see that in the true theory, the ond, the perturbation theory for the long-range magnetic field
dependence at asymptotically high densitigs~+0) is dif- is infrared finite. Indeed, in vacuum, the infrared divergences
ferent from that obtained in these toy models. of one-loop graphs come from integrals lijal*qD?(q),
whereD(q)~q~? is the gluon propagator. At finitg, the
gluon propagator is modified as in E(f). Now q, effec-
tively scales likeq® instead ofg, and by a simple power
) ) counting one sees that the integral is finite in the IR. There-
Let us try to naively apply the method developed in Secgre perturbation theory does not break down for momenta of
Il to high-density QQD. At the lowest order, the quarks in- order g2u, or g"u with any n, and there is no reason to
teract by ezxc_:hangmg one gluon. The gluon propagatoreypect non-perturbative effects proportional to any finite
which is 147 in vacuum, is modified by screening effects. o\er ofg.2 The third argument explicitly relies on the large
The static color electric field is subjected to Debye screeningggse enhancement that takes place only at finite tempera-
at the distance scalen,®, wheremp~gu, which can be tyres; this argument clearly does not work at finite densities.
seen by resumming bubble diagrams in the gluon propagatotherefore, the magnetic interaction is not screened at the
In the magnetic sector, the same resummation yields a magcaleg?y as is occasionally assumed.
netic gluon propagator Now let us return to the problem and try to apply the
formalism developed in Sec. Il to the interaction mediated by

Ill. PROBLEM OF THE UNSCREENED
MAGNETIC FIELD

D(0o,0)= @)

o+ (m/2)m3|gol/q
2The author thanks S.Yu. Khlebnikov for pointing out this argu-

in the regimeqy<q<u. The term @r/2)m3|qo|/q comes
from the Landau damping. In the static lingjg= 0, the mag-

ment. A similar conclusion has been reached by Pisarski and
Rischke[11].
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one-gluon exchange. We will see immediately that we haveéhe one-gluon exchange into “instantaneous” and *“non-
serious trouble with the very soft gluons. Indeed, on thenstantaneous” parts. The instantaneous interaction is medi-
Fermi surface, the tree-level small-anglé<1) scattering ated by the gluons that have momentaq = m%’351’3. The
amplitude, due to one-gluon exchange, is Landau damping for these gluons is negligibie3|qol|/q
=q2. The gluon propagator, which is now simply 2, does
not depend orgg, which means that the four-fermion inter-
: (®) action they mediate can be considered as instantaneous. This
part of the interaction is of the familiar type and will be
treated in the conventional way. In particular, one can char-
gcterize this part by the partial-wave amplitudgs For q
=(;, the Landau damping can no longer be neglected. This
part of the interaction has a considerable temporal retardation
and should be treated separately.
Now let us reduce’ by a factor of 1¢ by integrating out
1= @ u fermion degrees of freedom with energy betweerts and
foz—f dé#sing P,(cosh) f(8)~— —=In 9) 6. During this process the following will occur:
2. tin /1t 3 dmin (1) The partial-wave amplitude$, obtain the conven-
tional renormalization, as written in E¢4).
whereq, is the smallest allowed momentum exchange that (2) One could ask if the non-instantaneous coupling is
one has to put in by hand to make finite. Clearly, this IR renormalized during this integration. To answer this ques-
problem renders the conventional RG formalism unusable. tion, one should compute the correction to the non-
Let us also warn against what might seem to be a naturahstantaneous interaction that comes from integrating out the
solution to this IR problem. If one assumes that a quarkermion degrees of freedom. In Appendix A we explicitly
condensate is eventually formed, the magnetic field isstimate the corresponding one-loop diagrams and show that
screened by the Meissner effect. One may be tempted to takRe non-instantaneous part of the interaction does not get
the inverse London penetration lengiih as the cutoff in  renormalized.
Eq. (9), and use the computed value ©f to find the gap, (3) Most importantly, and what makes our RG distinctive,
thus obtaining a self-consistency condition forin thisway  part of the non-instantaneous interaction becomes instanta-
one does obtain a gap of order /9, wherec is some con- neous Specifically, the gluon exchange withlying in the
stant. However, this approach is flawed, and gives the wronghterval (e~ %q4,q,), which was formerly treated as non-
value ofc, because it entirely neglects the screening effect ofnstantaneous, now becomes a part of the instantaneous in-
Landau damping which turns out to be much stronger thareraction and contributes tf. Simply speaking, our crite-
the Meissner effect. To see this, note that the condensatton of what to consider as instantaneous has become more
smears out the Fermi surface over a sclewhich is the inclusive, since we are now looking at a smaller energy
natural energy scale of quasiparticles near the Fermi surfacecale, corresponding to a larger time scale.
The gluons that such excitations exchange hgye A. On How much of the non-instantaneous part of the interaction
these frequencies, the dynamical magnetic screening happetansfers to the instantaneous part during one step of the RG?
already at the scalg~mZ>A, which is much larger than According to Eq(8) and the non-renormalization of the non-
A. Therefore, the source of the IR cutoff should be the dy-nstantaneous interaction, the increment () has the form
namical magnetic screening, which already takes place in the

29?2
ftree( 0)=— T

1 1
+
w20+ sz e 6

The two contributions on the right hand si@HS come
from the electric and the magnetic interactions, respectivel
(again, the factoé comes from considering only tif&chan-

nel) All partial amplitudes diverge logarithmically. For ex-
ample,

normal phase, rather than the Meissner effect. _2¢° 1 _13°0 6
Let us now turn to the central part of this paper, where we Af(6)=— 3 ul? whene ;< 0<; (10
will find the correct RG treatment of the theory with the
color magnetic interaction. and vanishes outside this window 6f For definiteness, let
us concentrate our attention on thevave amplitudd . This
IV. RENORMALIZATION GROUP amplitude obtains a constant additive contribution from the
FOR MAGNETIC INTERACTIONS soft sector at each RG step,
Let us repeat the RG procedure described in Sec. Il. At R ) _ g?
any given step in the RG evolution, one keeps only fermion Afo=5 efl,saﬂfldas'n OAT(6)=— 9u2

modes having energies smaller thénThe start of the RG
evolution,t=0, will be taken at6~mp, and the evolution Therefore, the RG group equation fiy now becomes
stops whens is of order the gap, so typicallg<mg.

At the tree level, the fermions interact via one-gluon ex- d 9> p? 2
change, characterized by the momentum of the glagnd). dt ©  9u? 2720
Since all fermions have energy less tharthe energy of the
gluon qq is naturally of order or less thaf, while the mo- The second term on the RHS is the familiar term that gives
mentum exchangg can be anywhere between 0 and.2 rise to the BCS effect for short-range interactions. What is

Let us divide the four-fermion interaction that arises fromnew is the first term, which takes into account the fact that

11
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softer and softer gluon exchanges contributé,toThe non- may be the valence electrons in metglg], in which case
instantaneous part of the interaction can be considered as #meU (1) field is the magnetic component of real electromag-
infinite pool, which continuously replenishes the instanta-netism, or some effective degrees of freedom in low-
neous part during the RG evolution. Clearly, this shoulddimension strongly correlated electron systdr3], where

speed up the approach to the Landau pole. the U(1) gauge interaction could be generated as an effec-
To secure a solution we also need to specify an initiakjye interaction. In metals, the magnetic interaction is repul-
condition onf,. Recall thatt=0 corresponds t&5~Mp,  sjve for a pair located on the opposite sides of the Fermi
from Eq.(8) one finds, to the leading logarithm, surface; so it does not lead to BCS superconductivity. How-
292 1 ever, intere;ting phenqmena.may still arise from this repul-

fo(0)=— F|n__ (12)  sive interaction. In particular, it has been shod@] that the
Y weak magnetic interaction leads to the breakdown of the

Landau theory of Fermi liquid, typically at extremely low
temperatures. One could ask whether the effects leading to
this non-Fermi-liquid behavior would modify our calcula-
tions.

The solution to Eq(11) with the initial condition(12) is

Jiwgta{ g |
The basic idea is that the fermion wave function gets a

3u2 | 3\27!
) ) large renormalization near the Fermi surface from the mag-
The couplingf, hits the Landau pole when the argument of hetic interaction. To the one-loop level, the renormalization

fo(t)=—

1
t+6|n—)
g

the tangent is equal ta/2. This happens when of the wave function i$12]
=37
=——6In-.
V2g J Z Y(qe) =1+ constx g2 Inqﬁ. (14
The Fermi liquid description, thus, breaks down at the en- 0
ergy scale

372 If one goes arbitrarily close to the Fermi surface, the wave
AmeetNMgseX[< __) (13)  function renormalizatiorZ tends to 0, which means that the
\/59 discontinuity of the distribution function at the Fermi surface
disappears, thus signaling a deviation from Landau’s Fermi
which will be interpreted as the scale of the gap. Notice thafiquid theory. However, in our case, the BCS effect is al-
the gap is proportional t@™ 9, which is parametrically ready essential ajo~A. Recalling thatA~e~ %9, we find
larger than the naive estimage ©/9° at smallg. The reason from Eq.(14) thatZ remains close to IZ= 1+ O(g). There-
for this enhancement is obviously the singularity of the magfore, one can safely ignore the renormalization of the wave
netic interaction. function, and there is no chance for non-Fermi-liquid behav-
Strictly speaking, the RG calculation does not tell us thafor other than BCS-type superconductivity to manifest itself.
A is the value of the gap. In fact, the RG merely indicates We note here that it was suggested that an attractive
that the normal Fermi liquid behavior breaks down at themagnetic-type interaction may arise in various situations in
scale ofA. To confirm thatA is the gap, one needs to use condensed matter physics, for example in double-layer elec-
some alternative approach. In Appendix B, by making use ofron systems. A BCS gap may emerge in such systems. As a
the Eliashberg equation, borrowed from the physics ofresult of a stronger singularity of the magnetic interaction in
electron-phonon systems, we verify that the dajs in fact 2D, the gap is found to be proportional to a power of the

proportional to expt37%/1/29). coupling constant, rather than being exponeritid].
Very soft magnetic gluong our RG approach, even after
V. REMARKS AND CONCLUSION the final step of the RG evolution, the interaction still con-

tains a non-instantaneous sector, which is carried by the

We have found that the ground state of the system ofagnetic gluons with energy,<A and momentumq
quarks, interacting via one-gluon exchange, is basically a=mZ*A'% The BCS effect is due to the instantaneous inter-
BCS-type superconductor, and found the weak-coupling beaction, but one may ask whether the remaining non-
havior of the gap using the RG approach, appropriate in théhstantaneous interaction could destroy the BCS state. Here
presence of a long-range magnetic interaction. We faind we give an(admittedly crudgargument as to why this can-
~g %9, c=372/\2, notA~e 9 as in conventional not happen.
BCS theory. Thus, at least in thie—0 limit, the supercon- The magnetic modes mediating the non-instantaneous in-
ductivity gap is larger than in all previous estimatesteraction have their intrinsic time scatg '=A 1. There-
[3-8,10. Here let us make a few remarks on our calculation fore, these modes can be considered as static during the typi-

Wave function renormalization and non-Fermi-liquid be- cal time scale of the system~!. The question is now
haviors A similar problem of fermions interacting via an whether this random, static magnetic field could destroy the
unscreenedJ (1) magnetic field has also generated consid-superconducting state. Let us estimate the total strength of
erable interest in condensed matter physics. The fermionthe quantum fluctuations of the magnetic field. It is roughly
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as 1 However, at any finite, the coincidence of the RG evo-
Bz~f dq q2|A(q)|2~f dgodgq®— 5 lution of f, with different| is not exact. Moreover, the RG
q°+ (m/2)mp|qol/q approach does not give us the value of the gap or the energy

242, of the ground state, but merely yields the typical scale of the
~mjA . .
b= gap. Therefore, the two gaps with differdninay have the

so the typical value of the fluctuating magnetic field is S@Me asymptotic behavior, but with different numerical co-
mpA~guA. This should be compared with the critical mag- €fficients, and the corresponding superconducting states may

netic field, which is of ordeA. We conclude that at weak have different energies. At this stage, the natural assumption

coupling, the almost static quantum fluctuations of the magS€ems to be that the state with-0 is favored, and the

netic field are too small to destroy the superconducting stat@round state does not break rotational symmetry, but the

The possibility of breaking rotational symmetiyn our question of forming a con_densate Wlth_ nonzero angular mo-
treatment of the RG equation, we have concentrated our af?€ntum of the Cooper pair should be investigated in a more
tention on theswave couplingf,. However, we could careful manner. We defer this question to future work. We

equally consider higher partial waves. Let us take arbittary Nave also left out the possibility of a numerical estimation of
and try to rewrite Eq(11) for f,. According to Eq.(4), the the gap at moderate densities, \_Nhlch is a very interesting
2 part in the evolution of, has the same coefficient as for duestion from the phenomenological point of view. Presum-
f,. The constant part depends on how much the nongably, a reasonable estimation could be found by solving the

instantaneous sector throws out to tzhannel of the instan- = /1@shberg equation of the type described in Appendix B.

taneous sector at each step of the RG evolution. To find ouIE‘Or did we try to solve the problem at finite temperatures

one should make the partial-wave expansion of the functio
Af in Eq. (10). SinceAf(0) is concentrated on values 6f
near 0, the partial-wave coefficients almost do not depend on
I, provided that is not parametric og. Indeed,
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since theP, are normalized so tha,(1)=1. Therefore, the
RG eqyatlon fo-rf| is identical to thgt forfp. The initial value APPENDIX A: NON-RENORMALIZATION OF THE
for f, is also independent off, since it comes from the NON-INSTANTANEOUS INTERACTION

partial-wave expansion of the functioiy.{#) in Eg. (8)

which also peaks neat=0. Therefore, to leading order, the  Here we present an explicit check that the soft sector of
RG does not discriminate between channels with differenthe theory is not renormalized during the RG flow. Let us
angular momenta. If a condensate with nonzero angular masonsider one-loop corrections to the scattering amplitude
mentum is formed, the rotational symmetry is broken, like inp,—p—p,—p. There are two Feynman diagrams to be con-
the A phase ofHe. sidered:

The contributions from the two graphs are of the same ordehould be inside the shejr15<|ep+q|< 8. Both gluon lines

let us evaluate only the first graph, which is of order are supposed to belong to the non-instantaneous sector; so
k=mZ3sY3 The integral overk, is dominated byk,=<Sé.
1 1 Therefore, the integral in EqA1) is of order
g4Jdkodk ———— ———. (A} g A1)
kot €k [Ko+ (m/2)mp| Kol /K] 1 gt
. . o g*5q56 Fripr i S
Notice that the momentum of the internal fermion lines ds Js
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Therefore, the correction is of ordgf‘qu. and if p is near the Fermi surface, any changepofan be
Now assume that the external momenta of the final parecompensated by a rotation gf The conventional Eliashberg
ticles are slightly different from those of the initial particles, equations are actually a set of equations fofp,) and
and the difference ig. The tree-level amplitude is of order Z(p,), whereZ(p,) is the wave function renormalization,
g?q 2. During each step of the RG evolution, this amplitudebut as explained in Sec. \Z(p,)~1. Notice also that in Eq.
receives a correction of ordgfqg; %, whered is the moving  (B1) we write x2 instead of ¢r/2)m3, the reason being that
RG scale. During the part of the RG evolution when thewe will be working with exponential scales, and so the dif-
interaction is non-instantaneowgs;=q, and one sees that all ference between these two coefficients will not affect the
the accumulated correction~(g*q~2) is still smaller than leading exponent. Integrating ovar one finds
the tree amplitude by a factor gf. One concludes therefore

that there is no substantial renormalization of the non- Alpo) g2 J'wd | s A(qg) B2)
instantaneous interaction during the RG evolution. Po)= 1872 0 Yo |Po—dol \/QS+A2(%)
APPENDIX B: THE ELIASHBERG THEORY where only the leading logarithm is written. To the leading

logarithm, the integral in EqB2) can be split into two re-
ions, 0<Qgo<py and py<qo<m, where in the first

(1/|po—0o))~In(u/pg) and in the second Ipd|po—0p)
~In(w/qy). Introducing the logarithmic scales

The Eliashberg equatioh&5] can be considered as a gen-
eralization of the BCS gap equation to the case of a hon-loc
interaction. Here we will be trying to reproduce only the
leading exponential behavior exp872/\/2g) of the gap, but
not the power ¢ °) part. Presumably, a more careful treat-

2 M
ment of the Eliashberg equation should reproduce the sub- x:Inp—, y=In—, Xo=|nA—
A : . . 0 Yo 0
leadingg > factor and give an estimate for the numerical
coefficient. whereA,=A(py=0), the Eliashberg equation becomes

The generalization of the gap equation of the type written

. C . 2 M x
in Ref.[7] to the case of the non-local magnetic interaction A(x)= 12772()(])( 0dyA(y)+ jo dy yA(y)). (B3)

is®
A 2 Zf dq Differentiating Eqg.(B3) with respect tax twice, one finds
(Po)=39 (2n) .
A"(X)=——==A(X). B4
|p—al?+ w?po—dol/Ip—al a5+ €é+ A2%(qq) As the boundary conditions, from E¢B3) one can check
(B1) that A(0)=0 andA’(xq)=0. The solution to Eq(B4) is
Notice that, as in the usual Eliashberg theory, the gap is a A(X)=Agsin 9 X
function of py only but not ofp. Indeed, the dependence of 0 327 |’

the RHS of Eq.(B1) on p is only in the gluon propagator,
To satisfy the boundary condition at,, one requires
(9/3\27)xo= /2, from which one finds,=372/+/2g, and
: X - i
3The coefficient% in Eq. (B1) can be understood as follows. If the gap at small energleszki) e. ° eXp.( 3772/\/59)’ re
one replaces the gluon propagator in E81) by 1/A2, Eq. (B1) pro_dgcmg the_le_zadlng exponential behavior of our_RG res_ult.
gives the same gap as E@) if the numerical coefficient on the This is the minimal energy cost to create a fermion excita-

RHS is 4. The coefficient one should put on the RHS of EB1) tion. The energy-dependent gagpo) is
should be twice smaller than that, due to the screening of the elec-
tric field, which reduces the effective coupling by a factor of 2. For A(po) =Aosin< 9 ~

In—
the color-flavor locking schem&], there should be two equations 3\/577 Po
for two gaps; in weak coupling they can be written as one equation

(B1) which is valid to the leading order. for po=A,~ exp(—374//29).
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